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Abstract. We calculate the Fourier-Deligne transform of the IC extension 
to C n+1 of the local system C\ on the cone over Conf n (P 1 ) associated to a 
representation A of S n , where the length n — k of the first row of the Young 
diagram of A is at least ^ . The answer is the IC extension to the dual 
vector space C"^ 1 of the local system 1Z\ on the cone over the fc-th secant 
variety of the rational normal curve in V n , where 1Z\ corresponds to the rep- 
resentation A of Sfc, the Young diagram of which is obtained from the Young 
diagram of A by deleting its first row. We also prove an analogous statement 
for SVj-local systems on fibers of the Abel-Jacobi map. We use our result on 
the Fourier-Deligne transform to rederive a part of a result of Michel Brion on 
Kronecker coefficients. 



1. Introduction 

Let W = C 2 be a two-dimensional complex vector space. For any positive integer 
r we can identify the projective space P r = P(Sym r (W)) with degree r polynomials 
in two variables up to scaling, and consider the discriminant hypersurface D r in 
P r which is formed by polynomials with repeated roots. The complement P r — 
D r is identified with the configuration space Conf r (P 1 ) of r unordered distinct 
points on the projective line P 1 . Hence 7Ti(P r — D r ) is the spherical braid group 
B r (¥ l ). It is known that B r {¥ 1 ) = B r / (b 1 b 2 ...b r - 1 b r - 1 ...b 2 bi), where b x , b 2 , 
are the standard generators of the braid group -B r , and the usual map B r y 5V 
factors through B r (P 1 ). Hence a representation p of the symmetric group S r gives 
a representation of ^ (P 1 ) and thus a local system C p on P r - D. We denote by L p 
the perverse sheaf on the complex vector space Sym r (W ) which is the intermediate 
extension to Sym r (W) of the lift of C p to the complement of the cone over D r 
in Sym r (W). The goal of this paper is to find the Fourier-Deligne transform (see 
Definition 12.11 below or Chapter III of |KSj ) of such objects L p . 

The Fourier-Deligne transform for similar local systems on the set of semisimple 
regular matrices is important in Springer theory, see (B], Section XI, or |KWj . 
Chapter VI, and for similar local systems on curves of higher genus it is important 
in the geometric Langlands program in the paper |D. of Drinfeld (1983). 

The main result of this paper is Theorem 11.11 in which we calculate the Fourier- 



Deligne transform of L p where the first row of p has length at least ^ 1 (in this 
case we say that p has a long first row); Theorem 1 1.1 1 is generalized to the case of an 
arbitrary smooth curve embedded into projective space in Theorem 11.31 Theorem 
11.11 is also used to derive Proposition 11.41 in which we find a relation with Michel 
Brion's result in [Brion] . Cor. 2, Section 3.4. 

l 
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Main theorem for P 1 . For a Young diagram denoted by a capital Greek letter, we 
denote the Young diagram obtained by deleting its first row by the corresponding 
lowercase Greek letter. (Note that we use the same notation for a representation of 
S r and for its Young diagram). Let |A| = n and let k = |A|. Consider the rational 
normal curve X in the projective space P(Sym n (VF*)) which is the dual variety of 
the hypersurface D n C P(Sym n (W)). The fe-th secant variety Sec k = Sec k (X) of 
X is the closure of the union of "fc-secant" (fc — l)-planes P fc_1 that pass through 
k distinct points of X. When k < 7J 4^- (i.e. A has a long first row) the variety 
Sec fc — Sec fc_1 is smooth and has the structure of a fiber bundle over the unordered 
configuration space P k — Dk = Conffe(P 1 ) (sec Lcmma [3T5|) ; the cone Uk (with vertex 
extracted) over Sec fc - Sec fe_1 in Sym n {W*) shares the same properties. We define 
a local system TZ\ on Uk by pulling back the local system C\ from ¥ k — Dk via the 
bundle map. We denote the perverse sheaf which is the intermediate extension of 
Tlx to Sym"(Vn by R A . 

Theorem 1.1. If A has a long first row, the Fourier- Deligne transform of the per- 
verse sheafli\ on the vector space Sym"(VF) is the perverse sheaf R\ on Sym n (VF*). 

Example 1.2. Let A be the standard representation of S n . In this case we can 
verify Theorem 1 1 . 1 1 using the facts that 1) the Fourier transform $ agrees with the 
Radon transform R up to constant complexes, and 2) the Radon transform of a 
complex J 7 on a subvariety Y in P" is given by monodromy of hyperplane sections 
of the cone over Y with coefficients in the lift of F (see [B]). 

Take Y = X, the rational normal curve in F(V*), and the constant sheaf on 
X. A generic hyperplane section of the cone over X in V* is isomorphic to P 1 
punctured at n points, and a basis of H 1 of this hyperplane section is formed by 
small circles around the punctures. It is clear with this basis that monodromy of 
hyperplane sections yields the defining representation of S n (i.e. A © triv). Since 
the trivial representation gives us a constant sheaf, we see that (up to constant 
complexes) the Radon transform R sends R> to La (notice that Sec 1 (X) = X, 
X is the trivial representation of Si, and 1Z\ is the trivial local system). Using 
involutivity and the fact that $ sends irreducible perverse sheaves to irreducible 
ones, we obtain <I>(La) = R>. 

Main theorem for any curve. Let C be a smooth projective curve of genus g. 
Let C^ t be the open subvariety of (the symmetric power of C) consisting of 
the n-tuples of distinct points of C . For a representation A of S^, consider the local 
system £^' blg on C^ t corresponding to the representation of ^i(C^ t ) which is the 
pullback of A via the natural map ^i{C^ t ) —> S n . Let n > 2g — 2 so that the 
classical Abel-Jacobi map — > Pic"(C) is a fibration. 

Restricting the local system C A ' hls to a fiber of the Abel-Jacobi map over a 
degree n line bundle M on C, we obtain a local system on an open subset of the 
vector space P(H°(M)). From this local system we construct a perverse sheaf L^ 
on the vector space H°(M) as before by taking the intermediate extension of the 
lift of the local system to the cone. Denote by Sec fc (C) the secant variety of C 
embedded into F(H°(M)*), and by the perverse sheaf supported on the cone 
over Sec fc (C) constructed as before by intermediate extension of the lift of £^' blg 
via the bundle map (see Lemma r4.3f c)). Let A still denote the partition obtained 
from A by deleting its first row. We have a result similar to Theorem ll.il 
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Theorem 1.3. // |A| < ^±1 - g, then 

$(L£) = R£ 

Relation with M. Brion's result. Let A and f2 be two Young diagrams with 
|A| = |n| = n, |A| < 7J ^- and \lo\ < (For a partition denoted by a capital 

Greek letter, we still denote the partition obtained by deleting its first row by the 
corresponding lowercase Greek letter) . Recall that for a representation £ of S n we 
have the Kronecker coefficient k^ n = [E : A®f2]; if |<r| = |A| + \w\ we can also define 

the Littlewood-Richardson coefficient w = [a : Ind s |" xS ABw]. We prove: 

Proposition 1.4. Suppose that |A| + < n/2. Then 

(a) For any Young diagram S with the first row strictly shorter than n — |A| — 
the Kronecker coefficient q is zero. 

(b) For any Young diagram £ with the first row equal to n — |A| — \u)\, the 
Kronecker coefficient fc^ n is equal to the Littlewood-Richardson coefficient c^ w . 

Remark 1.5. This result is the same as Corollary 2 in Section 3.4 of |Brion) except 
for our additional assumption |A| + \uj\ < n/2. Without this assumption our method 
encounters some technical difficulties. 

Organization of the paper. Section 2 is devoted to background on the Fourier- 
Deligne transform. In Section 3 we prove a number of lemmas about the Fourier- 
Deligne transform and apply them to prove Theorem ll.il In Section 4 we generalize 
Theorem 11.11 to local systems on fibers of the Abel-Jacobi map. In Section 5 we 
deduce from Theorem ll.il a part of M. Brion's result as Proposition [O] 

Acknowledgements. I am very grateful to Roman Bezrukavnikov for suggesting 
this problem and for many useful discussions and ideas. I am thankful to J.M. 
Landsbcrg for helping me locate the reference for M. Brion's result. I also thank 

A. Beilinson, S. Bloch, A. Libgober, L.-H. Lim, M. Mella, L. Oeding, R. Piene, and 

B. Sturmfels for useful conversations. 

2. FOURIER-DELIGNE TRANSFORM 

The general reference for this section is the book |KSj ; see also the book KW 
and the survey article [J, in which the theory is described in the ^-adic setting, 
and the papers [B], [BMVlj . [BMV2] . in which the Fourier-Deligne transform is 
studied. Let Y be an algebraic variety over C (or a real analytic stratified space). 
We work with the derived category of constructible sheaves D b c (Y). For a morphism 
of complex algebraic varieties (or stratified spaces) / : Y — > Z we have the functors 
: D b c (Y) -> D b c {Z) and /*,/ ! : D b c (Z) -> D b (Y) (note that we write /* for 
i?/* and similarly for the other functors). 

Perverse sheaves Perv(F) form an abelian subcategory of D b (Y). We can form 
an irreducible perverse sheaf, the IC extension IC(Y, C) (also referred to as Goresky- 
MacPherson or intermediate extension of L to Y), for a local system £ on a smooth 
locally closed subvariety U C Y. The category of local systems on a manifold U is 
equivalent to the category of representations of it\{U). We also have a classification 
theorem (see |BBD| ) which says that all irreducible perverse sheaves on Y are of 
the form IC(Y, C) for some U and C. 
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Definition 2.1. Let V be a vector space over C and p\ : V x V* — > V, P2 ■ 

V x V* -)• V* be the projections. Let j : Q = {0,0 | Re(v,£) < 0} ^ V x V* 
and Sq = J*(Cq). The Fourier-Deligne transform $ : Dj?(V) -t Dj?(V*) is defined 
by$(.F) = (p 2 ),(p?(jr)®S Q ). 

Note that sometimes we refer to $ simply as "the Fourier transform." 

Remark 2.2. (a) $ is defined using a stratification of F x V* which is only real 
analytic, but if T is constructive with respect to a complex analytic stratification 
on V, is likewise on V*. 

(b) $ sends the category D h c c , (V) of monodromic (i.e. C*-equivariant) objects 
on V to D b cC ,(V*)\ in this text we always work with $ : D b cC ,(V) -» D* C »(F*). 

(c) $ sends perverse sheaves to perverse sheaves and induces an exact functor 
between the abelian categories of perverse sheaves on V and V * . 

Remark 2.3. $ can be defined for i'-adic sheaves on V over ¥ q ; then it is compatible 
(under the Frobenius trace) with the Fourier transform for functions on V (see [I]). 

Remark 2.4. The Weyl algebra 2H is the free algebra C(xo, ...a;„, do, d n ) modulo 
the relations Xidj — djX. L for i / j and 9,a;, — a;^ = 1. The regular holonomic 
D-modules D — mod r h '(V^) on V form a subcategory of the category of modules 
over 22J. The Riemann-Hilbert correspondence RH : D — mod (VQ — > Perv(y) 
is an equivalence of categories. Under RH the Fourier-Deligne transform defined 
above is compatible with the Fourier transform F for 2B-modules given as follows. 
If M is a 2JJ-module, F{M) = M as a vector space and the new action of 2U on 
me Mis xf cw (m) = d l (m), d? cw (m) = -x,(m) 

In the course of proving our main result we also need the following more general 
definition of the (relative) Fourier transform: 

Definition 2.5. Let E be a complex vector bundle over a complex algebraic va- 
riety Y, E* the dual bundle, and p x : E x Y E* -> E, p 2 : E x Y E* — > E* be 
the projections. Let j : Q — {((x,v),(x,£)) \ Re(v,£) < 0} ^ E x Y E* and 
Sq = i*(Cg). The Fourier-Deligne transform $ E : D^(E) -> D|?(E*) is defined by 

*b(^ = (p3)i(p;(jo®*q)- 

We note that the remarks above apply here, and we will work with : 

D c,C-( E ) D c,C*( E *)' where C * acts in the nberS of S and 

3. Proof of the main theorem for P 1 

Let W = C 2 be a two-dimensional complex vector space. Consider the bilinear 
pairing uj : Sym k (W) x Sym n ~ k (W) — > Sym"(W / ) which corresponds to multiplica- 
tion of polynomials. The linear maps u>(v, —), obtained by fixing the first coordinate 
in the pairing u to be t), combine for all v to give a map of vector bundles over 
P fe = P(Sym fe (W0), namely * : £ = O pk (-l) (g) Sym"- fc (^) ^ £>¥« ® Sym™(W^). 
We denote the bundle map for £ by ps : £ — > P fe . Note that the map i makes £ a 
subbundle of the trivial bundle Opt ®Sym n (W), so the total space of £ embeds into 
P k x Sym n (I^). Hence via the second projection we get a map n : £ — > Sym"(W), 

= p-2°i- (Note that we sometimes use the same notation for a vector bundle and 
its total space as we did for £.) See the diagram below. 
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7 n-y 
E ► P fc x Sym n (iy) — Sym ra (W r ), 




Recall that for a positive integer r and a representaion p of S r we introduced 
the local system C p on the open set P r — Z) r in P r = P(Sym. r (W)) where D r is the 
discriminant locus. We denote by L p the intermediate extension of C p to P r and 
by L p the intermediate extension to Sym r (Vt / ) of the lift of C p to the complement 
of the cone over D r in Sym r (W) . 

Lemma 3.1. Let X be a representation of Sk and let I denote the trivial rep- 
resentation of S n -k- Consider the induced representation of S n given by A = 
Ind|" xS (A S I). Then, with the above notation, we have L^ = ir*p* £ L\. 

Proof. For any natural number d consider the map 4>d '■ (F 1 ) d — > (P 1 )^' = ¥ d . 
Notice that for any representation p of Sd we have that L p — Homg d (p, (0d)*C[d]) 
(if p is an irreducible representation then L p is the isotypic component for the action 
of S d on the sheaf ((/} d )*C[d]). Also let m = m k ^ k : P fe x P n ~ fe ->■ P" denote the 
map given by multiplication of polynomials. 

Notice that <f> = <f> n factors through P fe x p n ~ fc as <f> = mo (0 fc x 0„_^), as depicted 
in the following diagram: 




— fc 



P" 



Further, for any representations p of S k and v of SVi-fc we have L p L v = 
Hom SkXSn _ k (p IS u, (0 k x n -k)*C[n]) on P k x P"- fc . 

We have the following consequence of these observations: 

m*(L p H £„) = m»Hom SkXSn _ k (p H z/, (0 k x 0„_k)*C[n]) = 

Hom Sk xs n _ k (^ H i/, 0*C[n]) = Hom Sn (Ind^ xSn k (^ g i/), <£,C[n]) 
Note that when we delete the zero section of the bundle £ and take the quotient 
by the C*-action (i.e. pass to the projectivization of the vector bundle £), the map 
7r is replaced by the map m above. Hence we obtain the statement of the lemma 
from the above chain of equalities by taking p = X and v = I. 

□ 

The following two lemmas on the Fourier transform are proved in |KW] as Corol- 
lary IIL13.4 and Corollary IIL13.3. 

Lemma 3.2. Let L be a constructible complex on a complex algebraic variety A. Let 
F be a subbundle of the trivial bundle AxW where W is a vector space, with bundle 
map pp : F A and inclusion i : F — > A x W . Let F 1 - be the orthogonal subbundle 
of A x W* , with bundle map p F ± : F 1 - — > A and inclusion i 1 - : F 1 - ->4x W* . 
Then 

^Axw{i*P*F L ) = iiPpJ-L 
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Lemma 3.3. Let q : S — > B be a proper map of complex algebraic varieties, let F 
be a vector bundle on B , let q*F be the pullback bundle on S , and Q : q* F —> F the 
map of total spaces of bundles. Let R : q* F* — > F* be the corresponding map for 
the total space of the dual bundle. Then for a monodromic constructible complex 
M on the bundle q*F we have 

We let S 1 - be the subbundle of the trivial bundle P fe x Sym n (W*) over 
is orthogonal to the subbundle £ of P fc x Sym n (W). Let p £ ± : S 1 - — > I 
bundle map, and let ir 1 - = p% oi^ be the composition of the inclusion i^ of S 1 - into 
P fc x Sym n (W*) and the second projection p% . See the following diagram. 



P fc which 
k be the 



x Sym"(W*) 




P2 



Sym"(W*), 



TT 1 - = P2 O i 1 - 



Combining the results of the last three lemmas, we obtain 
Proposition 3.4. Using the notation of Lemma \3.1\ we have 

<&(L A )=^^Z A 

Proof. Note that we apply Lemma to the proper map P fc — > point. □ 

Lemma 3.5. (a) The image of E 1 - under n 1 - is the cone over Sec fc in Syui n (W*). 

(b) If k < ^yi, the map ir 1 - is an isomorphism restricted to (7r- L ) _1 (t/fc) where 
Uk is the cone (with vertex removed) over Sec fc — Sec fe_1 in Sym n (W*). 

(c) If k < the map p £ ± restricted to (7r ± ) _1 ([/ / t) is a fiber bundle over the 
configuration space Conf fe (X) =P k -D k . 

Proof. To prove (a) we notice that the fiber of S 1 - over q € (P 1 )^) can be thought 
of as the space of homogeneous polynomials p of degree n which are annihilated by 
q(d x ,d y ). On the other hand, Lemma 4 in |CS) (see also [E], Section 3.5.3) says 
that a point p £ Sym™(M / *) is in Sec fc if and only there exists a polynomial q(d x ,d y ) 
which annihilates p(x, y). (Note that Lemma 4 is stated in |CSj only for fc < § but 
for k — if it is an integer, the statement of Lemma 4 in }CS] holds trivially). 

Parts (b) and (c) follow from the fact that (for k < ^^4^) two different fc-secant 
planes of X meet at points of the (k — l)-th secant variety (i.e. there is only one 
fc-secant plane that passes through a point of Sec fc — Sec fc_1 ), which follows by 
calculating a Vandermonde determinant. A more general version of this argument 
appears in the proof of Lemma 14.31 

□ 

Remark 3.6. The fact that Sec fe — Sec fc_1 is smooth (which follows from part (b) 
of Lemma T3.5P is a special case of [Bertram] . Corollary 1.6. 

Remark 3.7. By construction the fiber of S 1 - over a fc-tuple of points in P fc = X^ k > 
is the fc-plane in Sym™(14 7 *) passing through these k points and the point (if the 
points in the fc-tuple are not distinct, the plane becomes an osculating plane to 
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X). Hence the projectivization of the bundle 6 1 - is the fc-th "secant bundle" of the 
curve X described in [Bertram] . Section 1. 

Let p be a partition of k. The fiber bundle p £ ± o (n- 1 ) -1 : Uk —> Conik(X) yields 
a map of groups 7Ti (CT&) — > 7Ti(Conffc(X)) = BkiP 1 ) — > Sk- This allows us to make 
the following 

Definition 3.8. The local system 1Z P on Uk is defined by lifting the representation p 
via the above map n\(Uk) — > Sk- We define a perverse sheaf R p as the intermediate 
extension of K p to Sym n (W*). 

Now we are ready to prove Theorem ll.lt 

Proof of Theorem ll.il We prove the statement by decreasing induction on the 
length of the first row of A (or, equivalently, by increasing induction on |A|). The 
base of induction is furnished by Example 11.21 where the length of the first row of 
A is |A| — 1. 

Proposition 13.41 shows that $(L A ) = ir-^p £± L\. By Pieri's rule the irreducible 
decomposition of the induced representation A = Indf™ XiS _ k (X S3 I) of S n has 
exactly one irreducible representation with the first row of length at most n — k, 
this representation is A, and it has multiplicity 1. Hence L A = La©@j 2 w |<fe o,qLq, 
where an is the multiplicity of Q in A. The inductive hypothesis implies that for 
all n with |w| < k we have $(L n ) = R w . Hence $(L A ) = $(L A ) © n ^ <k a R u . 
Since by definition R w is an irreducible perverse sheaf supported on the cone over 
Sec'^' C Sec fc_1 , the restriction of $(La) to Uk coincides with the restriction to 
Uk of $(L A ) = ir^p £± L\, which by definition is 1Z\. Note that by Lemma [331 fa) 

K^p £ ±L\ (and hence $(L A )) is supported on Sec fe . Since Fourier transform of an 
irreducible perverse sheaf is an irreducible perverse sheaf, by the structure theorem 
of [BBDJ $(L A ) must be the intermediate extension of 1Z\, that is R>. 

□ 

The following is a corollary of the above proof: 

Corollary 3.9. Even if the condition |A| < ^ does not hold, $(La) is a direct 
summand in the semisimple perverse sheaf ir^rp £± L\. 

4. Main theorem for any curve 

In this section we prove Theorem 11.31 which generalizes Theorem 11.11 replacing 
the rational normal curve X by an arbitrary smooth projective curve C of genus g 
embedded into P™. We start with a lemma: 

Lemma 4.1. For a very ample line bundle L on a smooth projective curve C, 
consider the embedding of C into the projective space P(_H (C,L)*). Then the 
following two conditions are equivalent: 

(a) Two k- secant planes of C one of which contains the points xi, ...,Xk £ C and 
the other one - yi, j/& € C (such that X\, Xk, yi, Dk are oil distinct) do not 
intersect; 

(b) h {Li) — h (L(—D)) = 2k for any effective divisor D of degree 2k (this con- 
dition is known as "D separates 2k points"). 
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Proof. First note that the projectivized span of all points of an effective divisor D 
is given by P(Ker(i2"°(L)* -> H°(L(-D))*)). If D has degree 2k, the long exact 
sequence of cohomology associated to the short exact sequence — >• L{—D) — > L — > 
Lo — > shows that the points of D span a projectivized linear space of expected 
dimension 2k — 1 if and only if h°(L) — h°(L(—D)) — 2k. Finally, two fc-secant 
planes in (a) intersect if and only if the projectivized linear space spanned by the 
points of D — {xi, Xk, yi, Vk} has dimension less than 2k — 1. □ 



To prove the Theorem ll.3[ we generalize the constructions of the previous section. 

Recall that we have a smooth projective curve C of genus g and a line bundle M of 

degree n on C . We construct a vector bundle £c over C^ k ' (analogous to the bundle 

£ above) as a subbundle of the trivial bundle x H°(C, M) by requiring the fiber 

of £ c over a point D 6 C*W to be given by Image(iJ°(C, M (-£>)) -> H°(C,M)). 

(Note that £c is a vector bundle for k < n + 1 — 2g since then -ff 1 (C, M(—D)) = 

by Serre duality.) See the diagram below. 

ic P2 c 
£c ► C {k) xH°(C, M) ^ H°(C,M), K C =P2,c°ic 

Pi,c 

Recall that for a representation p of S r we introduced the local system £^' blg on 

the open subvariety Cj[ st of the symmetric power C^ r \ We denote its intermediate 
extension to by L^' hls . We also denote the intermediate extension of the local 
system L c p to P(H°(C,M)) by L c p and the intermediate extension to H°(C,M) of 
the lift of Cp to the cone by . The following generalizes Lemma \3. II 

Lemma 4.2. Lei X be a representation of Sk and let I denote the trivial represen- 
tation of S n - k . Let A = Indf" xSn _ fc (A H /). T/ie« L£ = (tt c )*(p £c )* L^ hig . 

Proof. The argument parallels the proof of Lemma 13.11 with several adjustments. 
Namely, in place of the diagram in the proof of Lemma 13.11 we use the diagram 
below. In this diagram, <tP : C r -> CM is the natural map for any r, p[ is the 
first projection, and Am is the fiber of the Abel-Jacobi map over M. In addition 
to these, i' c is the map derived from ic by embedding the fibers H°(C, M(—D)) of 
£c into as fibers ot the Abel-Jacobi map, and p' £c and tt' c are the analogs 

of ps c and ttq for the projectivization P(£c) of the bundle £c- 
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The argument of Lemma Ogives Lf' big = (m c )*(L^ Ms M C). Hence 

From this the statement of the Lemma follows. (Note that we used proper base 
change in the second equality above). 

□ 

We also have to prove a generalization of Lemma 13.51 

Lemma 4.3. (a) The image of undent^ is the cone overSec k (C) in H°(C,M)* . 

(b) If k < L^^J^J — 9, the map ir^ is an isomorphism restricted to (^cO _1 (t^?) 
where is the cone (with vertex removed) over Sec fe (C)-Sec fc - 1 (C) inH°(C,M)*. 

(c) If k < L 2 ^"] — 9, the map p £ ± restricted to ) is a fiber bundle 

overC dis- 
proof. To prove (a), we notice that the fiber of £c over D £ is given by 
lma,ge(H°(M(— £))) — > H°(M)), which is othogonal to the cone over the fc-secant 
plane passing through the points of D given by Ker(£f°(M)* ->■ H°(M(—D))*). 

Parts (b) and (c) will follow if we show that the condition of part (a) of Lemma 
l4.1l holds. By Lemma I4TT1 it is enough to show that part (b) of Lemma |4~T1 holds for 
k= [^-\-g. That is, we would like to show that h°(C,M) = h°(C,M(-D)) + 2k 
holds for any effective D of degree 2k. 

By Riemann-Roch we have h°(C, M)-h}-(C, M) =n+l-g and h°{C\ M(-D))- 
/i 1 (C,A/(-L»)) = n-2k+l-g for an effective D with \D\ =2k. Wehave/i^M) = 
h°(K <g) M- 1 ). We also have degK = 2g - 2 so deg(K ® M _1 ) = 2g-2-n<0 
because we assumed that n > 2g — 2. Hence /i 1 (C, M) = and h°(C, M) = n+l—g. 
Subtracting, we get h°(C, M) -h°(C, M(-D)) = h}(C, M (-D)) + 2k. So to ensure 
that the condition of Lemma l4.1l (a) holds it is enough to have /i 1 (M(— D)) = for 
all D of degree 2k. In other words, it is enough to make sure that h°(K <E>M^ 1 (D)) = 
for all D of degree 2k. For this it is enough to have deg(K <E> M~ 1 (D)) = 0, that 
is 2g - 2 - n + 2k < 0. The last inequality holds for k = ~ g. □ 

Using Lcmmas l4.2l andl 4.3l in place of Lemmas 13. II and l 3.5[ the proof of Theorem 
11.31 is identical to the proof of Theorem 11.11 

5. Relation with M. Brion's result 

In this section <E> stands for the left derived tensor product of objects of D h c {Y), 
where Y is an algebraic variety. The following lemma will be used in this section: 

Lemma 5.1. Let f : Y — > Z be a finite morphism with Y , Z smooth varieties of 
dimension n. Then /*(C[n]) <8> /*(C[n]) is a perverse sheaf on Z . 

Proof. Using base change we can write /*(C[n]) (8 f*(C[n]) = g*{C[n]) where g : 
Yx z Y -> Z. 

Yx z Y > Y xY 



9 fxf 
Z > Z x Z 
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Notice that YxzY is locally a complete intersection because locally Y = C™ 
and Z = C n and / = (/i,...,/ n ) : C" -> C" and hence Yx z Y C Y x Y is of 
dimension n and given by n equations fi(x') — fi(x") where (x' , x") G Y x Y. By a 
theorem of Hamm and Le |HL| . Cor. 3.2.2, the constant sheaf on a locally complete 
intersection is perverse; hence C[n] G D^.(YxzY) is perverse. Since g is a finite 
map, <7*(C[n]) is also perverse. 

□ 

From Lemma l5.1l we deduce the following 

Corollary 5.2. Let A, and £ &e partitions of n and let V — Sym"(W). T/ien 

(a) TTie object La ® Ln £ D b c (V) is a perverse sheaf. 

(b) The multiplicity of the subquotient Ls in La ® Ln is k^ n . 

Proof. To prove (a), recall from the proof of Lemma |3. II the map (j> = <j> n and the 
fact that L p is a direct summand in </>*(C[n]) for a representation p of S n . Hence 
La <8> Ln is a direct summand in </>*(C[n]) (8> </>*(C[n]) which is a perverse sheaf by 
Lemma [57X1 Hence La ® Ln is a perverse sheaf. It follows that the same is true for 
La <£> Ln- Part (b) follows by the classification theorem of perverse sheaves from 
the fact that on the open subvariety P" — D n we have Ca ® C-n = £-A®n ■ 

□ 

To prove Proposition II. 4| we will use the interaction of the Fourier transform 
with convolution, which is defined as follows: 

Definition 5.3. Let V be a vector space and s : V x V — > V be the sum map and 
let J 7 , Q G D b c {V). Then the convolution of T and Q is the object of D b c {V) given 
by ,F*<? = S|(.FH(/). 

Remark 5.4. The Fourier-Deligne transform sends the (derived) tensor product of 
D b c {V) to the convolution F *Q. 

Remark 5.5. Let J 7 , Q e L>^(F) be two objects such that J 7 is supported on a closed 
subvariety Y of V and 5 is supported on a closed subvariety Z of V. Then the 
convolution J 7 * 5 is supported on the join J(Y, Z) of Y and Z (where J(Y, Z) is 
defined as the closure of the union of lines that pass through y, z where y G Y, 
z G Z and y ^ z). 

We finish with the proof of a part of M. Brion's result. 

Proof of Proposition \1.4\ To prove part (a), assume on the contrary that the Kro- 
necker coefficient fc^ n is nonzero. Then by Corollarv l5.2l the perverse sheaf La® Ln 
has a subquotient isomorphic to L^. By exactness of the Fourier transform, it fol- 
lows that the perverse sheaf H\ * R u has a subquotient isomorphic to R CT ; hence 
its restriction to an open subset of Sec' CT ' is a nonzero local system. However, by 
Remark 15.51 the convolution R\ * R^ is supported on the join of Sec' A ' and Sec'"' 
which is Sec' A ' + '"', a closed subset of Sec' CT ' - a contradiction. 
To prove (b), we use the diagram below. 



FOURIER-DELIGNE TRANSFORM AND REPRESENTATIONS OF S, 
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V* x V* 



V* 



f 1 - x F 1 - 



p £ ± x p £ ± 



p|A| x pM 



>l 
kl 



In this diagram £^ is the bundle introduced in Section 3 for a specific value of k, 
s is the sum map on V* = Sym™(W / *), m is the map from the proof of Lemma l3.11 
F is the map which is the product of polynomials on the base of £ 's and the sum 
in the fibers of £ s. It is clear that F is well defined and the diagram commutes. 



By the proof of Lemma [3.11 m\(L\ M L u ) ■ 
base change in the diagram above we see that 



e 



ct,|ct| = |A| + M l a, 



jL a . By proper 



e 

a, |<t| = |A| + |, 



By the proof of Theorem If .11 n^p^L^ coincides with R M on an open dense sub- 
variety of Sec' M '; therefore ir*p* ± L\ * 7r*p£ ± L w coincides with R\ * R w on an open 
dense subvariety of Sec' A ' + ' li; '. 

By Corollary 15.21 the tensor product La ® Lq is a perverse sheaf so its Fourier 
transform R> * H u is perverse as well. Above we detected all the subquotients in 
Ra * R w whose support is of maximum dimension |A| + \uj\; by the classification of 
perverse sheaves, they are the same as the subquotients of with support of maximum 



dimension in @ 



<r,kl=|A|+|, 



By the proof of Theorem II. II all these 
subquotients are of the form R CT where \cr\ = |A| + |w| and each subquotient R ff 
occurs c^ iCJ times. By exactness of the Fourier transform, c a X u] must be equal to the 
multiplicity of the subquotient Le in La ® Lq , which is k\ q by Corollary 15.21 

□ 
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